We deduce discrete compactness of Rellich type for some discontinuous Galerkin finite element methods (DGFEM) including hybrid ones, under fairly general settings on the triangulations and the finite element spaces. We make use of regularity of the solutions to an auxiliary second-order elliptic boundary value problem as well as the error estimates of the associated finite element solutions. The present results can be used for analyzing DGFEM applied to some boundary value and eigenvalue problems, and also to derive the discrete Poincaré-Friedrichs inequalities.
Introduction
In recent years, much attention has been drawn to the discontinuous Galerkin finite element methods (DGFEM) [4, 9, 16, 24] . They use discontinuous approximate functions, where the discontinuity is dealt with by the interelement Lagrange multiplier and/or interior penalty methods. Such methods have a merit that various approximate functions besides the usual piecewise interpolation polynomials can be used, since the inter-element continuity and unisolvence conditions are much relaxed. In particular, they are expected to be more flexible in element shapes than classical FEM.
It is to be noted here that they are closely related to the non-conforming and hybrid methods, which use discontinuous approximate functions, and the latter of which is characterized by the use of inter-element Lagrange multipliers [28] . Simplifying the hybrid displacement method of Tong [14, 31] , the present author and his coauthor developed some finite elements in a series of papers e.g. [20, 21] , but such an attempt got only partial success because of lack of effective stabilization methods [25] . In this respect, the interior penalty approach [2] is now recognized to be crucial in both handling with the inter-element discontinuity and assuring numerical stability.
Stimulated by rapid development of DGFEM, the present author and his coworkers proposed a hybrid displacement type DGFEM by stabilizing the above old method using the interior penalty technique. They showed the idea for the 2D Poisson equation and the plane stress problem with reasonable numerical results [22, 27] . It turned out that such an approach is actually available as a finite element method by appropriate choice of the stabilization coefficients, and it is fairly robust to deformation of element shape. Moreover, it can be used just like the conventional finite element methods: usual element-by-element procedures are available, and mixed use with the conventional elements is possible. See also [12, 13] for a closely related approaches.
Since such formulations make full use of discontinuous approximate functions strongly dependent on triangulations, some standard tools in numerical functional analysis may not be available in their genuine forms. An important example of such techniques and results is the Rellich selection theorem [10, 30] , which states that any weakly convergent sequence in H 1 (Ω) (or its closed subspace) for the bounded Lipschitz domain Ω is strongly convergent in L 2 (Ω). This theorem and similar ones are frequently employed for spectral and resolvent analyses of elliptic operators such as the Laplacian, and also for analysis of linear or semi-linear Poisson-like problems with lower-order linear or nonlinear terms. Moreover, the results obtained by such analyses are directly applicable to the related H 1 -conforming finite elements.
On the other hand, if we want to use similar arguments in DGFEM, which are not H 1 -conforming in principle, we must establish appropriate discrete analogs of the Rellich theorem [10, 30] . Such discrete compactness properties have played important roles especially in the analysis of edge finite elements for electromagnetics [7, 18, 19] . Moreover, difficulties of DGFEM applied to Laplace and various spectral problems are discussed e. g. in [3, 16] , and are essentially related to the discrete compactness.
In this paper, we will first explain some DGFEM for 2D Poisson-like problems including hybrid ones. In particular, the interior penalty term and the lifting operator are introduced to the bilinear forms to assure numerical stability of the associated DGFEM [4, 12, 13, 26] . For simplicity, we only consider symmetric bilinear forms, and omit the analysis of non-symmetric DGFEM. Then we discuss the discrete compactness properties of Rellich type, which will play important roles in numerical analysis of DGFEM. We will prove our main results under some popular hypotheses (cf. e.g. [4, 9] ), with some observations on sufficient conditions for such hypotheses.
Some related results are also reported in e.g. [3, 6] , in which various discrete compactness properties are derived from some discrete Poincaré-Friedrichs inequalities. On the contrary, our method utilizes some error estimates of the solutions of auxiliary problems with regularity, and is completely within the framework of the Hilbert space method. It is also analogous to the methods previously used by the present author to derive discrete compactness for the edge finite elements [18, 19] , and may be effective in some cases, although it might be difficult to apply to non-Hilbertian cases.
Preliminaries and DGFEM

Auxiliary problem and notations
Let Ω ⊂ R 2 be a bounded polygonal domain with boundary ∂ Ω. For Ω, we can define the Hilbertian Sobolev spaces L 2 (Ω) and H κ (Ω) (κ > 0), where the fractional cases (κ / ∈ N ) are included [5, 9] . The inner products of both L 2 (Ω) and L 2 (Ω) 2 are designated by (·, ·) Ω , with the associated norms done by · Ω . Furthermore, the norms and the standard semi-norm of H κ (Ω) are denoted by · κ,Ω and | · | κ,Ω , respectively, where
. For these spaces associated to domains other than Ω, the same notations of spaces, norms etc. will be used with Ω replaced appropriately.
Let us consider a subset ∂ Ω D of ∂ Ω, which either is empty or consists of finitely many closed segments. Then we introduce a closed subspace
which reduces to H 1 (Ω) and H 1 0 (Ω) respectively when ∂ Ω D = / 0 and ∂ Ω D = ∂ Ω. Using this space, let us define an auxiliary boundary value problem : given f ∈ L 2 (Ω),
where ∇ denotes the gradient operator. The corresponding partial differential equation is −∆u + u = f , and the boundary conditions on ∂ Ω and ∂ Ω\∂ Ω D are the homogeneous Dirichlet and Neumann ones, respectively. If we omit the term (u, v) Ω in (2), we have the popular Poisson problem.
The uniqueness and existence of u of (2) 
where C D > 0 is a constant independent of f , cf. [15] . Thus the traces of u and ∇u to any piecewise smooth arc γ ⊂ Ω (= closure of Ω) are well-defined as functions in L 2 (γ) and L 2 (γ) 2 , respectively.
Definitions and notations for triangulations
We first construct a family of triangulations {T h } h>0 of Ω by polygonal finite elements (or simply elements) : each T h consists of a finite number of elements, and each element K ∈ T h is a bounded m-polygonal (open) domain ( Fig.1) , where m is an integer ≥ 3 and can differ with K. Thus the boundary ∂ K of K ∈ T h is a closed simple polygonal curve composed of m edges. We assume that m is bounded from above by a positive integer M (≥ 3), which is common to all the triangulations in {T h } h>0 . Notice here that non-convex elements are available for m ≥ 4. We use the notation e to denote an edge of K, which is assumed to be closed for convenience. The totality of edges of K ∈ T h and T h are denoted by E K and E h , respectively For theoretical treatment, we must impose some "regularity" conditions on the family {T h } h>0 [9, 11] . We omit the details of regularity here, but, besides the trivial conditions such as ∪ K∈T h K = Ω and K ∩ K = / 0 for mutually different K, K ∈ T h , we require some additional conditions. In particular, each K is not "too thin", and the intersection of closures of mutually different two elements K, K ∈ T h is exclusively one of the following three sets : (i) empty set, (ii) one vertex, and (iii) one edge. Here we permit the flat interior angle to deal with the "hanging" nodes [9] (Fig. 2) . 1 The use of such nodes in DGFEM is effective to avoid the MPC (multi-point constraint) techniques employed in various exiting FEM codes [23, 29] , and is also convenient in adaptive mesh refinements [9] . We will later try to present some additional regularity or geometrical conditions related to triangulations for DGFEM.
For each triangulation T h , we define its "skeleton" Γ h as the union of edges in E h : Γ h = ∪ e∈E h e. For simplicity, we assume that the triangulations are so constructed that any edges intersecting with ∂ Ω D are entirely contained in ∂ Ω D . In other words, such edges have no common points in ∂ Ω\∂ Ω D .
The diameter and measure of K are denoted by h K and |K|, respectively, while the length of an edge e ∈ E K by |e|. Furthermore, h = max K∈T h h K . We will use (·, ·) K 
where ds is the infinitesimal line element on ∂ K. Similarly, ·, · e and | · | e are defined for each edge e ∈ E K . On the boundaries ∂ Ω of Ω and ∂ K of K, the outward unit normal is well-defined almost everywhere, and is denoted by n = {n 1 , n 2 }. 
Function spaces associated to triangulations
Over T h , we consider the "broken" or piecewise Sobolev spaces (κ > 0) :
which can be identified with
is the Sobolev space of (possibly fractional) order κ over K. The norm and the standard semi-norm of this space are defined as usual and denoted by · κ,T h
and denoted by v| ∂ K or simply v, which can be double-valued on edges shared by two elements [4, 5, 9] . For v ∈ H 3 2 +σ (T h ) (σ > 0), we can define the trace of ∇v to ∂ K and the normal derivative ∂ v/∂ n there in the L 2 senses.
On Γ h of T h , we consider a kind of fluxv ∈ L 2 (Γ h ), which is single-valued on each edge shared by two elements, unlike various double-valued ones [4, 9] . To deal with the boundary condition in (1), define a subspace of
For each {T h } h>0 , let us define some (semi-)norms for arguments {v,v}, cf. [9] :
|{v,v}|
{v,v}
where σ > 0, v on e or (v| K )| e implies the trace of v| K to e ∈ E h , ∇v on e or ∇(v| K )| e does the trace of ∇(v| K ) to e, and ∇ h :
here that v and ∇v can be double-valued on e butv is not so. All of these (semi-)norms are mesh-dependent. The first one is a norm, while the other two are semi-norms in general but become norms if ∂ Ω D has positive total length, cf. [4] .
Lifting operators
To consider the local lifting operator [4] for each K ∈ T h , let us introduce
, such as the space
Then, the local lifting operator
where q · n = q 1 n 1 + q 2 n 2 , and the minus sign is sometimes added to the right-hand side, cf. e.g. [4] .
the global lifting operator is defined by
Sincev ∈ L 2 (Γ h ) is single-valued on every edge e ∈ E h , it can be naturally identified with an element of Π K∈T h L 2 (∂ K), which is denoted again byv for simplicity. On the other hand, the trace of
We can now operate
Finite element spaces
To approximate {v,v} ∈ H
2 ) associated to T h , let us prepare two finite dimensional spaces :
where C(Γ h ) denotes the space of continuous functions on
while those ofÛ h are Π e∈E h P k (e) (k ∈ N ) or their subsets in C(Γ h ), where P k (e) is the space of polynomials on e of degree ≤ k. In the present setting,v h ∈Û h is not double-valued on each edge e. Moreover, to deal with the homogeneous Dirichlet condition in (1), let us introduce the subspace ofÛ h bŷ
From the assumptions on Γ h , the above condition onv h is equivalent to :v h vanishes completely on every edge contained in
Then the finite element spaces are given by
Under appropriate conditions on {T h } h>0 and V h , we can show · h is equivalent to | · | h over V h , cf. [4] . We also need Q K for each K ∈ T h to define Q h and use R h .
Bilinear forms
Let us consider two symmetric bilinear forms associated to −∆ [26, 27] :
where
∂ n = (∇v) · n, and η 0 > 0 is the interior penalty parameter. We have now introduced two bilinear forms, whose difference lies in the use or non-use of the term in [ · ] . We can also consider other bilinear forms including non-symmetric ones [4] , but we here restrict our analysis to the above two.
If V h and Q K are so chosen that
where the last term in [ · ] is absent when the last term in (18) 
When we deal with (2) numerically, we need the term (u h , v h ) Ω on the left-hand side.
Comments on other symmetric DGFEM
In the two bilinear forms above,v is independent of v. Introducing appropriate constraints between them, we can obtain some genuine (non-hybridized) DGFEM. To this end, define {{v}} ∈ L 2 (Γ h ) for v ∈ H 1 (T h ) as : for an edge e ∈ E h , we set {{v}}| e = v| e if e ⊂ ∂ Ω, while we set as follows if e is shared by two elements
where v 1 (v 2 resp.) is the trace of v|K 1 (v|K 2 resp.) to e. Using such {{v}} asv when e ⊂ ∂ Ω D in our bilinear forms, we have IP (Interior Penalty) method and a kind of LDG (Local Discontinuous Galerkin) one [4, 9, 16] . The difference is that the lifting term in (18) is employed in LDG but not in IP. Such modification reduces the number of unknowns for the linear simultaneous equations associated to (20) , but the sparseness of the coefficient matrices may deteriorate [22] .
Main Results
In this section, we will show a discrete analog of the well-known Rellich theorem for the considered DGFEM.
Along with the conditions in Sec.2, we make some additional assumptions, which can be actually proved under appropriate settings on the family of triangulations and finite element spaces. For the moment, however, we postpone such technical processes and prove our main results under the hypotheses below, which are common in analysis of DGFEM [4, 9, 27] but slightly modified for our purposes. Clearly, the results hold true for various DGFEM other than those in the preceding sections, so long as they satisfy such conditions.
[H0] Approximation capability
For any u ∈ H 3 2 +σ (Ω) and
where C a is a generic positive constant independent of u, p and h > 0, andû denotes the trace of u to Γ h , i.e.,û = u| Γ h . Moreover, when u belongs to 
[H1] Consistency
Let u ∈ H 1 D (Ω) be the solution of (2) for arbitrarily given f ∈ L 2 (Ω). Then it holds that, withû = u| Γ h , and for all h > 0 and
[H2] Boundedness There exists a positive constant C b such that, for all h > 0 and {u,û}, {v,v} ∈ H
[H3] Stability (Coerciveness) There exists a positive constant C s such that, for all h > 0 and
[H4] Assumptions on
which gives the global form : for all 
Remark 2. As may be seen from the proof of Lemma 1 below, the expression ∇ h u h + R h (û h − S h u h ) is a natural approximation to the distributional derivative of u h . Weak convergence of {∇
We will now prove in several steps. 1 • Equating v to u h in (a) and using the Schwarz inequality, we find u h 1,Ω ≤ u h Ω ≤ 1. Applying the Rellich theorem and standard arguments to the families {u h } h>0 and {u h } h>0 , we can choose their subfamilies, denoted by the same notations, with their limit functions u 0 ∈ L 2 (Ω) and
Then, taking the limit in (a) for the subfamilies, we find that u 0 and u 0 satisfy 
whereû h is the trace of u h to Γ h (which is not double-valued), C D is the constant in (2), and C is a positive constant dependent only on C a , C b and
which can be concretely rewritten by
Here, terms includingû h −û in the original expression (18) for
and using u h h ∈ U h of (b) in the second term of the above, we find
) Ω , so that the above equality is further rewritten as
, we can show the following lemma.
Lemma 1. Let {{u h ,û h } ∈ V h D } h>0 be the subfamily which is selected to satisfy
We will give the proof of Lemma 1 later. Once we admit this lemma, we find with the aid of (ii), (iii) and (d) that, as h ↓ 0,
Similarly, using (i), (ii), (d) and ∇ h u h Ω ≤ 1, we can also obtain that, as h ↓ 0,
Moreover, we have
From these results, the left-hand side of (e) converges to (∇u 0 , ∇u 0 ) Ω + (u 0 , u 0 ) Ω , which is equal to (u 0 , u 0 ) Ω by (c). In view of (e), this implies
which together with (i) assures that the former part of (28) holds true.
6 • Finally, let us prove Lemma 1. To this end, we use the vector-valued test function ϕ = {ϕ 1 , ϕ 2 } ∈ C ∞ 0 (Ω) 2 to consider distributional derivatives of u h ∈ U h . Then the value of ∇u h at ϕ is given by −(u h , div ϕ) Ω , which is rewritten as
where the Green formula is used with the inter-element continuity of ϕ taken into account, andû h ∈Û h D is inserted for later use. The use of suchû h is justified sinceû h is single-valued on Γ h and ϕ| ∂ Ω = 0.
For
Using such ϕ h , we have
It is easy to see that the last two terms converge to 0 as h ↓ 0, since
On the other hand, [H4] assures that
so that the subfamily {∇ h u h + R h (û h − S h u h )} h>0 is uniformly bounded. Thus, there exists its subfamily (denoted by the same notation) that converges weakly in L 2 (Ω) 2 to an element w ∈ L 2 (Ω) 2 . By these observations and (g), the right-hand side of (h) converges to (w, ϕ) Ω as h ↓ 0, while the left-hand side converges to −(u 0 , div ϕ) Ω . Thus, 2 in the sense of distribution, and hence u 0 ∈ H 1 (Ω) . Although we selected a subfamily of {∇ h u h + R h (û h − S h u h )} h>0 , there was no need of such selection because of the uniqueness of ∇u 0 for u 0 .
We have now shown that the whole subfamily {∇ h u h + R h (û h − S h u h )} h>0 converges weakly to ∇ u 0 in L 2 (Ω) 2 , and the final process is to prove u 0 ∈ H 1 D (Ω). In this respect, we should notice that ( f ) holds for any ϕ ∈ C ∞ (Ω) 2 with ϕ| ∂ Ω\∂ Ω D = 0, sinceû h = 0 on ∂ Ω D and ϕ = 0 on ∂ Ω\∂ Ω D . Moreover, for such ϕ, we can choose an appropriate family of functions {ϕ h = {ϕ h1 , ϕ h2 } ∈ (Q h ) 2 } h>0 that satisfy (g). Then we have (h) again, and, by taking its limit as h ↓ 0, we find that
Noting the arbitrariness of ϕ on ∂ Ω D , we can conclude that u 0 = 0 on ∂ Ω D .
Observations on hypotheses
We will give some sufficient conditions to assure hypotheses [H0] through [H4] to hold. At present, the conditions to be given are not necessarily satisfactory from both theoretical and practical viewpoints, and there remains much room for improvement.
As is fully discussed in [4] , the essential points are approximation capabilities of polynomial functions at element level and some trace theorems for each element under some geometrical conditions on element shapes and sizes. We will explain them below for the following choice of discrete spaces (0
Chunkiness condition for star-shaped elements
To show [H0], we require some regularity conditions on the triangulations to avoid too thin elements. There have been proposed a number of statements relevant to this issue, among which we here employ the chunkiness condition of Deny-Lions and Brenner-Scott [1, 9] for convenience. To such an end, we assume that each K ∈ T h is star-shaped with respect to a closed disk D K ⊂ K of positive radius, and then define ρ K as the supermom of radii of such possible D K 's. Then, by using ρ K and h K = diam K, the chunkiness parameter ζ K for K ∈ T h is defined as :
The chunkiness condition for the family {T h } h>0 is now stated as follows.
Chunkiness condition
For {T h } h>0 , there exists a positive constant γ C such that Under the above condition, we can show the following approximation capabilities of
See e. g. [1, 9] for the details, and similar results in the mesh-dependent norm · h are available for Q h . Such estimates essentially contribute to assuring [H0].
Triangle condition
To obtain desirable trace theorems for each element, we here assume a kind of cone condition [5, 15] .
Let T 0 be an isosceles triangle with unit base length and height γ T . Then, for all h > 0, K ∈ T h and e ∈ E K , there exists an isosceles triangle T K,e contained in K, whose base coincides with e and whose height is γ T |e| (T K,e is similar to T 0 with similarity ratio |e|, see Fig. 3 ).
For T 0 above, we have the trace theorem of form :
where C > 0 depends only on γ T and σ [4] . Then introducing an appropriate similarity transformation between T 0 and T K,e of K ∈ T h , we easily obtain 
Local quasi-uniformity condition on edge sizes
Although we do not employ the quasi-uniformity [9] of the family {T h } h>0 here, we still assume that the sizes of edges for each K ∈ T h are comparable.
Local quasi-uniformity of edge sizes
For {T h } h>0 , there exists a positive constant γ U such that, for all h > 0 and ) .
By (34) and the above, we can deduce [H0] through [H4] completely as in [4] , so that we omit the proofs.
Fundamental applications
The obtained results can be applied to numerical analysis of various problems, but here we list up some very fundamental problems only :
1. Numerical analysis of resolvents and non-coercive problems.
2. Numerical analysis of spectral problems.
3. Derivation of the discrete Poincaré-Friedrichs inequalities.
4. Approximation of problems with non-smooth solutions.
5. Numerical analysis of some nonlinear problems.
As is well known, the first three are closely related to each other [3, 8, 10] . For example, some discrete compactness properties can be derived from the discrete Poincaré-Friedrichs inequalities, see e.g. [3, 6] .
As a simple example of problem for item 4, let us consider the problem :
where the term (u, v) Ω can be omitted if ∂ Ω D = / 0. Clearly, the solution of this problem may not have additional smoothness such as u ∈ H 1+ε (Ω) for some ε > 0. A possible example of discretized problem for (39) is :
By using Theorem 1, we can show, for example, strong convergence of ∇ h u h +R h (û h −S h u h ) to ∇u in L 2 (Ω) 2 as well as that of u h to u in L 2 (Ω) as h ↓ 0, provided that the set of sufficiently smooth function in H 1 D (Ω) is dense there. We omit the proof, but it can be performed by essentially the same ideas and techniques as in the proof of Theorem 1.
As an example for the final item, we can consider the boundary value problems for a simple semi-linear elliptic equation −∆u = f (u), where f (·) is a polynomial function. For the analysis of the corresponding approximate problems discretized by DGFEM, we need additional results on some function spaces such as L p (Ω) (p = 2), so that the analysis in e.g. [6] may be effective.
Concluding remarks
We have discussed a Rellich-type discrete compactness for some DGFEM. Our approach has limitations in the framework of Hilbert methods, but may be effective for some purposes. We can generalize the present methodologies to wider classes of DGFEM, but we have not attempted such generalization to make the description concise. Extensions to 3D cases appears to be possible, provided that the regularity results of the corresponding auxiliary problem are well established and the appropriate conditions for triangulations are found. As was already mentioned, we can apply the results to various problems, and such applications will be reported elsewhere.
